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equations. The computation was performed for a source
flow mixing layer type DF chemical laser cavity using a
stable implicit numerical procedure.4 Seven vibrational levels
of DF, each having 14 equilibrium rotational states, were
considered. The chemical reactions were taken from Ref. 5,
which are predominantly bimolecular. Three cases have been
computed for illustration. The reference case corresponds to
a cavity inlet pressure of p0 = 4.66 Torr and an element
length (centerline to centerline distance between a pair of
fuel and oxidizer nozzles) of L- 0.198 cm. The second case
is for 2/fy and 0.5L, and the third for Q.5p0 and 2L.

The results show that the specific power a of the second
and third cases =0.991 and 1.008, respectively, of the
reference case. Hence specific power is essentially unaltered
by the scaling. The small differences are due to pressure
broadening effects, which are indeed minor.

The power flux distributions, normalized by the maximum
value reached in the reference case, are shown in Fig. 1. It is
seen that the power flux scales inversely with L, while the
power cutoff distance scales directly with L.

The present analysis indicates that, even though laser
flowfields are quite complicated and involve various
nonlinear physical processes, unique and precise pressure-
geometry scaling results can be reached. The restrictions,
which have been delineated at the relevant points of the
analysis, are surprisingly few and are easily satisfied under
common operating conditions. Specifically, for combustor
temperatures above ~ 1500 K, the effect of pressure varia-
tion on incomplete combustion is small. For cavity pressures
under —20 Torr, three-body reactions and pressure-
broadening effects on gain are negligible.

Conclusions
In conclusion, the results of the present scaling analysis in-

dicate that:
1) The conservation equations and constitutive relations

for chemical laser flows are satisfied by the pressure-length
scaling.

2) Flow similarity is achieved due to invariance in
Reynolds number. Chemical similarity is obtained for
bimolecular reactions. Radiative similarity is obtained as
gain and intensity both vary with density.

3) Tradeoff between power flux and lasing mode length
can be accomplished at a given specific power level by apply-
ing pressure-geometry scaling.
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Numerical Evaluation of Line Integrals
with a Logarithmic Singularity
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Introduction

I N solving two-dimensional boundary value problems by
the boundary element method, line integrals of the

following form are encountered1"3

(D

where C is the boundary element, i.e., a finite plane arc;
r = r(p>q) = \P~q\ is the distance between any two points p
and q£C\ the index q in the arc length element dsq indicates
that point q varies during integration while the point p re-
mains constant; <p(s) is a continuous function of the arc
length s = s(p,q) measured from point /?; and the kernel
function K(r) has a logarithmic singularity. That is,

(2)

The functions \l/j(r) and $2(r) are continuous. In mech-
anics, integral (1) represents a single-layer potential due to a
material curve C of line density <p(s) when the field point p
is on the source.

For computer implementation of the boundary element
method, the boundary element is approximated by a straight
line or a parabolic arc.3 In the first case, r = s and integral
(1) may be evaluated by either analytical integration, when
the functions <p(s), i/'/C"), and \l/2(r) are simple, or num-
erically using a special logarithmically weighted integration
formula3-4 when these functions are not simple. However,
when the element is approximated by a higher-order curve,
the evaluation of line integral (1) is more difficult. In this
case, the integral has been evaluated by the method of sub-
tracting the singularity.5 In this method, a function is sub-
tracted from the integrand that has a singularity of the same
kind and can be integrated formally. This method has been
employed in Ref. 6 for the numerical evaluation of integral
(1) using the actual geometry of the element.

In this Note, a simple method is presented for the evalua-
tion of line integral (1) by removing the singularity by means
of integrating by parts when the curved element is approx-
imated by a parabolic arc. This procedure can be easily pro-
grammed on a computer.
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Fig. 1 Boundary element C.

Numerical Procedure
Consider a boundary element C extending from point q1

to point q2 with a fixed point p. The coordinates of points
qlf q2, and p are given with respect to the system of axes
Oxy (see Fig. 1). Moreover, consider a second system of axes
pxy with p as its origin, having the y axis parallel to the line
connecting the points ql and q2.7 The coordinates of points
qh #2, and p with respect to this system of axes can be
established easily from their given coordinates with respect
to the system of axes Oxy. The boundary element is approx-
imated by a parabolic arc passing through the points ql3 q2,
and p. The equation of the parabolic arc referred to the
system of axes pxy has the form

+ ct2y (3)

The constants oij and a.2 in Eq. (3) are obtained from the
known coordinates of points q1 and q2 (see Fig. 1) as

x2yil
x^] \ (4)

Integral (1) can be written as

j c«*(5)AXr)<fo= j

(5)

Notice that

lim
r-O

r-O

-(p(0)t2(0)]enr}=<p(0)t1(0)= finite (6)

Consequently, the first integral on the right-hand side of Eq.
(5) is not singular and, thus, it can be evaluated using any of
the known numerical techniques. The required function s(y)
is obtained from Eq. (10). To evaluate the second integral on
the right-hand side of Eq. (5), we integrate it by parts and
transform it to the x, y coordinates. That is,

(7)

Table 1 Percent error in the values of integral
vs angle 0 of the circular element

0, deg

30
25
20
15
10
5
2
1

Exact
value

-0.864379
-0.799360
-0.717047
-0.612906
-0.479279
-0.300100
-0.152022
-0.088108

Linear
approximation

-68.11xlO~2

50.45 x!0~2

34.28 x!0~2

20.41 X l 0 ~ 2

9.62X10"2

2.57xlO~2

0.46xlO~2

0.11xlO~2

Parabolic
approximation

0.54xlO~ 2

0.28 x!0~2

0.13xlO~ 2

0.03 x!0~2

0.02xlO~2

~0
~0
~0

where

g(y)=s(y)tnr

dx

(8a)

(8b)

(9a)

(9b)

and

s(y) =

Using L'HospitaPs rule, it can be shown that

J7-0

\img(y)=g(0)=0
y-O

(10)

(lla)

(lib)

Thus, the functions f ( y ) and g(y) are not singular and, con-
sequently, the integral in Eq. (7) can be evaluated using any
of the known numerical techniques.

When the boundary element is a straight line, the approx-
imating curve is also a straight line. Thus, in this case, Eq.
(4) yields ot1 and a2 = 0. Consequently,

x=0, z = 0, s(y)=y, r=\y\

Thus, the functions / (y) and g(y) are equal to

f(y)=l 02a)

g(y)=ytn\y\ (12b)

Numerical Results and Conclusions
A subroutine program has been written using the

aforedescribed numerical procedure for the evaluation of
line integrals with a logarithmic singularity when the bound-
ary element is approximated by a parabolic arc. In this
subroutine, the regular integrals in Eqs. (5) and (7) are
evaluated by the Gauss integration method. Numerical
results are obtained using the aforementioned subroutine for
the following integral:

(13)

where C is an arc of a circle.
In Table 1, the percent error in the values of Eq. (13) is

presented for various values of the angle 6 when it is
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evaluated numerically using both linear and parabolic ap-
proximations of the boundary element. C is the arc of a cir-
cle of unit radius and angle 0. In this case, Eq. (13) reduces
to the Clausen's integral, that is

The values of this integral are tabulated in Ref. 8. Moreover,
in this case, for linear approximation of the boundary ele-
ment, the line integral [Eq. (13)] is evaluated analytically as

7 - ?nrds = 2sin — b, f^sin — J - 1

From the numerical results, it is apparent that the ac-
curacy in the values of the singular line integral (1) improves
appreciably when the curved boundary element is approx-
imated by a parabolic arc rather than when it is approx-
imated by a straight line.
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